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The deﬁnition of a universal failure criteria for composite mate-
rials has been a troubling matter for the last decades. Throughout
the years, researchers have proposed different analytical criteria
based mostly on experimental knowledge. Some of the most pro-
missing failure criteria have been compared recently in a world
wide initiative to identify not only the best criteria but also the still
existing pitfalls (Hinton and Soden, 1998).
Most of the criteria were dependent on speciﬁc empirical
parameters, thus not performing so well in comparison with other
criteria. Others failed to provide accurate predictions due to their
own fundamental limitations, and, under some circumstances, it
was not possible for some criteria to recreate a loading scheme
equivalent to the performed experimental data (Hinton et al.,
2002).
The World Wide Failure Exercise (WWFE), as it became known,
provided a batch of recommendations for designers and academics
(Soden et al., 2004) in pursue of a reliable and accurate failure cri-
terion for composite materials. Aspects such as mechanical behav-
iour and failure prediction under combined loading, onset of
material failure (whether in the form of ﬁrst ply failure or leakage
failure), and laminate deformations (mainly under large and/or
non-linear deformations) were studied and recommendations have
been issued for each of them (Soden et al., 2004).ll rights reserved.
x: +351 22 508 1584.A comparison between the different failure criteria was per-
formed and a ranking system established. Puck and Schürmann
(1998), Zinoviev et al. (1998), and Liu and Tsai (1998) were consid-
ered the most recommendable criteria. But not even these were to
be recommended for all of the studied loading scenarios. Not only
the criteria themselves presented some shortfalls but also the
experimental programme used to evaluate the failure criteria
was not free of weaknesses. The complexity in performing com-
bined stress tests and the difﬁculty to properly identify initial fail-
ure stresses, damage propagation and failure modes were among
the most frequent problems encountered throughout the experi-
mental programme.
Micromechanical analysis allows for a detailed insight of the
mechanical behaviour of a composite by considering the inﬂuence
of each constituent. If a proper constitutive model is developed for
each constituent of a composite and special attention is given to
the interface between constituents, by using a combination of
micromechanical analyses and homogenisation techniques it is
possible to perform a thorough study of the mechanical behaviour
of a composite under any kind of load combination. These results
can be used to assess the validity of any failure criterion, thus sur-
passing the limitations of experimental procedures such as the
ones encountered in WWFE (Soden et al., 2004).
Several contributions in this ﬁeld have been recently provided.
Llorca and co-workers (e.g., González and LLorca, 2007; Canal et al.,
2009; Totry et al., 2008a,b) have been conducting micromechanical
analyses on representative volume elements (RVEs) by applying an
elasto-plastic constitutive model to the matrix and implementing
cohesive elements in the interface between ﬁbre and matrix.
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the non-linear behaviour of the composite was well captured and
studied. Vaughan and McCarthy (2011) performed a similar
analysis but considered the effects of residual thermal stresses
and fracture energy of the cohesive elements in the initiation and
propagation of damage under a transverse tensile load. One issue
in these works that remains unclear is the consitutive model which
should be used for the matrix material modelling. The Drucker-
Prager model or the Mohr–Coulomb model have been often used,
but experimental evidence reveals that neither of these models
capture properly the constitutive behaviour of an epoxy matrix
(Ghorbel, 2008).
This paper is presented in two parts. The ﬁrst part is dedicated
to the development and implementation of a constitutive model
for epoxy matrices. This model uses a thermodynamically consis-
tent elasto-plastic with damage material law. The second part will
be focusing on the application of this constitutive model to micro-
mechanical analyses of representative volume elements of unidi-
rectional composites under different loading conditions.
2. Constitutive modelling
The three-dimensional RVE considered here contains two differ-
ent materials – the ﬁbres and the embedding epoxy matrix – and
the interface between ﬁbres and matrix. The following is the deﬁ-
nition of the constitutive model for a typical epoxy matrix.
2.1. Linear elasticity
The initial elastic behaviour is deﬁned by a linear relation be-
tween the stress tensor, r, and the elastic strain, ee:
r ¼ De : ee; ð1Þ
where De is the standard isotropic elasticity fourth-order tensor. In
terms of the deviatoric stress tensor, S, and hydrostatic stress,
p ¼ 1=3 tr rð Þ, the elasticity law reads:
S ¼ 2Geed; p ¼ Keev ; ð2Þ
where G is the shear modulus, K is the bulk modulus and eed and eev
are, respectively, the elastic deviatoric strain tensor and elastic vol-
umetric strain.
2.2. Yield criterion
The epoxy resin is modelled using an elasto-plastic with dam-
age constitutive model based on the paraboloidal yield criterion
by Tschoegl (1971) which can be deﬁned as:
U r;rc;rtð Þ ¼ 6J2 þ 2I1 rc  rtð Þ  2rcrt; ð3Þ
where rc and rt are the compressive and tensile yield strengths,
respectively, J2 ¼ 1=2S : S is the second invariant of the deviatoric
stress tensor, S, and I1 ¼ tr rð Þ is the ﬁrst invariant of the stress ten-
sor. A non-associative ﬂow rule is used allowing for a correct deﬁ-
nition of the volumetric deformation in plasticity:
g ¼ r2vm þ ap2; ð4Þ
where rvm ¼
ﬃﬃﬃﬃﬃﬃﬃ
3J2
p
is the von Mises equivalent stress, p ¼ 1=3 I1 is
the hydrostatic pressure, and a is a material parameter responsible
for the correct deﬁnition of the volumetric component of the plastic
ﬂow, which can be determined as detailed next. Using the ﬂow po-
tential deﬁned in Eq. (4), the ﬂow rule is given by:
_e ¼ _c @g
@r
; ð5Þwhere the parameter _c represents the time derivative of the plastic
multiplier that has to be consistent with the classical loading/
unloading conditions:
_cP 0; U 6 0; _cU ¼ 0: ð6Þ
The incremental form of the ﬂow rule is given by:
Dep ¼ Dc @g
@r
¼ Dc 2rvm @rvm
@r
þ 2ap @p
@r
 
¼ Dc 3S þ 2
3
apI
 
: ð7Þ
Under an uniaxial tensile load, the deviatoric stress tensor is deﬁned
by:
S ¼
2p 0 0
0 p 0
0 0 p
2
64
3
75: ð8Þ
Substituting in Eq. (7):
Dep ¼ Dc p
3
18þ 2a 0 0
0 2a 9 0
0 0 2a 9
2
64
3
75: ð9Þ
From Eq. (9), the volumetric and longitudinal plastic strains are gi-
ven by:
Depv ¼ 2Dcpa; Dep11 ¼ Dc
p
3
18þ 2að Þ: ð10Þ
In a uniaxial tension test, the transverse plastic strain is deﬁned by:
Dep22 ¼ Dep33 ¼ mpDep11; ð11Þ
where mp is the plastic Poisson’s ratio. Using Eq. (11), the volumetric
plastic strain can also be deﬁned by:
Depv ¼ 1 2mp
 
Dep11: ð12Þ
Replacing Eq. (10) into Eq. (12), a relation between the parameter a
and the plastic Poisson’s ratio is obtained:
a ¼ 9
2
1 2mp
1þ mp : ð13Þ
If the parameter mp is determined from a standard tension test, the
material parameter a is uniquely deﬁned. The ﬂow rule is now fully
characterised and the increment of plastic strain can now be de-
ﬁned, in tensorial notation:
Dep ¼ Dc 3S þ 2
9
aI1I
 
: ð14Þ
The increment of plastic deformation can be decomposed in its
deviatoric Depd
 
and volumetric components Depvð Þ:
Depd ¼ DcNd ¼ 3DcS; Depv ¼ DcNv ¼
2
3
DcaI1: ð15Þ2.3. Hardening law
Following the experimental results obtained by Fiedler et al.
(2001), and since only tension and compression yield strengths
are being explicitly used to deﬁne the yield surface, hardening will
be considered to affect both of these yield strengths. Hardening is
considered dependent of the equivalent plastic strain:
rt ¼ rt epe
 
; rc ¼ rc epe
 
: ð16Þ
These two hardening functions are provided by two piece-wise
functions. The increment of equivalent plastic strain is deﬁned by:
Depe ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kDep : Dep
p
: ð17Þ
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and ensures that the equivalent plastic strain is equal to that ob-
tained in a simple uniaxial case. For the criterion implemented here,
k is obtained as:
k ¼ 1
1þ 2m2p
: ð18Þ2.4. Integration algorithm
The numerical integration of elasto-plasticity constitutive equa-
tions is typically carried out by means of an elastic predictor/return
mapping scheme. Such methodologies are extensively described by
Simo and Hughes (1998) and Neto et al. (2008).
The integration of the paraboloidal criterion is simpler than
many other existing criteria. This simplicity stems from the fully
differentiable yield function. One other aspect is the symmetry of
both yield surface and ﬂow potential about the hydrostatic axis.
A general return mapping algorithm is used. Let us consider a typ-
ical Gauss point of the ﬁnite element mesh within a (pseudo-) time
interval tn; tnþ1½ . Having the values of the variables at tn and given
the strain increment De corresponding to the interval tn; tnþ1½ , the
numerical algorithm should obtain the updated values at the end
of the interval, tnþ1. The stress tensor at increment tnþ1 can be de-
ﬁned by:
rnþ1 ¼ rtrnþ1  De : Dep ¼ De : De Depð Þ; ð19Þ
where the last term corresponds to the plastic corrector. The term
rtrnþ1 represents the trial stress tensor, deﬁned by:
rtrnþ1 ¼ rn þ De : De; ð20Þ
which in its turn can be split in its deviatoric and volumetric
components:
Strnþ1 ¼ Sn þ 2GDed; ptrnþ1 ¼ pn þ KDev : ð21Þ
As a consequence of the symmetry about the hydrostatic axis, Eq.
(19) leads to a return vector always parallel to the plane that con-
tains rtrnþ1 and the hydrostatic axis. Thus, without any loss of gener-
ality, the return mapping algorithm can be formulated in such a
plane of the stress space, leading to a simpliﬁcation of the mathe-
matical treatment of the elasto-plastic constitutive model.
Replacing the increment of plastic strain deﬁned in Eq. (14) in
Eq. (19), the following stress update formula is obtained:
rnþ1 ¼ rtrnþ1  6GDcSnþ1 
2
9
KaDc I1ð Þnþ1I: ð22Þ
Splitting Eq. (22) into its deviatoric and volumetric components (the
subscript ‘‘nþ 1’’ corresponding to values at the end of the incre-
ment will be dropped from this point onwards for the sake of
clarity):
S ¼ Str  6GDcS () S ¼ S
tr
1þ 6GDc ; ð23Þ
p ¼ ptr  2
3
DcKaI1 () p ¼ p
tr
1þ 2KaDc : ð24Þ
For simpliﬁcation of writing, the denominators in Eqs. (23) and (24)
are redeﬁned as:
fs ¼ 1þ 6GDc; fp ¼ 1þ 2KaDc: ð25Þ
The consistency condition deﬁned by the yield surface Eq. (3) be-
comes deﬁned by:
6Jtr2
f2s
þ 2 rc  rtð ÞI
tr
1
fp
 2rcrt ¼ 0: ð26ÞThe two yield stresses in Eq. (26) are a function of the equivalent
plastic strain whose increment was deﬁned in Eq. (17). Applying
Eqs. (14) and (18), the increment of equivalent plastic strain is de-
ﬁned for the present model as:
Depe ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
1þ 2m2p
s
Dc
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
18Jtr2
f2s
þ 4a
2
27f2p
Itr1
 2vuut ; ð27Þ
where the radicand under the second square root will be deﬁned
from now on by the parameter A, which is a function of the incre-
ment of the plastic multiplier, Dc.
A ¼ 18J
tr
2
f2s
þ 4a
2
27f2p
Itr1
 2 ) Depe ¼ Dc
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
A
1þ 2m2p
s
: ð28Þ
Eqs. (28) and (26) can now be written in function only of Dc. There-
fore, the return mapping procedure, under any stress state, is re-
duced to the solution of a single non-linear equation. However,
this is not a closed form solution. In order to determine Dc, the
Newton–Raphson iteration scheme will be used. For that, it is re-
quired to differentiate the consistency condition with relation to
Dc:
@U
@Dc
¼ 2I
tr
1
fp
@rc
@Dc
 @rt
@Dc
 
 4KaI
tr
1 rc  rtð Þ
f2p
 72GJ
tr
2
f3s
 2 rc @rt
@Dc
þ rt @rc
@Dc
 
¼ 0: ð29Þ
The two derivatives of the yield strengths with relation to Dc can be
determined by applying the chain rule:
@rc
@Dc
¼ @rc
@Depe
@Depe
@Dc
¼ Hc @De
p
e
@Dc
; ð30Þ
@rt
@Dc
¼ @rt
@Depe
@Depe
@Dc
¼ Ht @De
p
e
@Dc
; ð31Þ
where parameters Hc and Ht represent the hardening modulus of
the two yield strengths being considered here – compressive and
tensile – obtained from the two piece-wise functions in Eqs. (16).
To be able to solve Eqs. (30) and (31), the derivative of the equiva-
lent plastic strain must be determined:
@Depe
@Dc
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
1þ 2m2p
s ﬃﬃﬃ
A
p
 Dc
2
ﬃﬃﬃ
A
p 216GJ
tr
2
f3s
þ 16a
3KItr1
27f3p
 !" #
: ð32Þ
Now the increment of plastic multiplier, Dc, can be determined by
applying the Newton–Raphson scheme to Eq. (26).
2.4.1. Consistent tangent operator
In the elastic regime, the consistent tangent operator is given by
the stiffness matrix of the material in its pristine condition. The
consistent tangent operator in the plastic regime is deduced fol-
lowing a similar procedure as above, in which the derivatives of
the stress update formulas (23) and (24) must be determined, as
well as the global derivative of the plastic multiplier Dc, by differ-
entiating the consistency condition (26). The ﬁnal equation for the
consistent tangent operator is given by:
Dep ¼ bI4 þ u b3
 
I  I  qStr  I  vStr  Str  wI  Str; ð33Þ
where I4 represents the deviatoric fourth-order identity tensor and
the constants b;u;q;v, and w are given by:
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fs
; u ¼ K
fp
 4K
2a
gf3p
Itr1 rc  rtð Þ;
q ¼ 36KG rc  rtð Þ
gf2s fp
; v ¼ 72G
2
gf4s
; w ¼ 8KGa
gf2pfs
Itr1 : ð34Þ2.5. Damage model
Isotropic damage is also considered for the matrix. A single
damage variable that affects the stiffness of the material once acti-
vated is used. In the light of the thermodynamics approach to be
followed here, it is necessary to ﬁrst deﬁne the complementary
free energy density in the material. This is a scalar function, posi-
tive deﬁnite, and it must be zero at the origin with respect to the
stresses (Malvern, 1969). In order to achieve an isotropic damage
model, the following deﬁnition for the complementary free energy
density is proposed:
Gm ¼ r
2
11 þ r222 þ r233
2Em 1 dmð Þ 
mm
Em
r11r22 þ r22r33 þ r33r11ð Þ
þ 1þ mm
Em 1 dmð Þ r
2
12 þ r213 þ r223
 þ GPm; ð35Þ
where Em and mm are the Young’s modulus and Poisson’s ratio of the
matrix, respectively. Only one damage variable, dm, is being consid-
ered here, and it affects only the Young’s modulus of the material.
The quantity GPm represents the contribution of plastic ﬂow to the
stored energy, and is computed internally during the numerical
analysis. This contribution, although not explicitly deﬁned, has been
considered in the numerical implementation of the plasticity
model.
To ensure the irreversibility of the damage process, the rate of
change of the complementary free energy must be greater than
the externally applied stresses:
_Gm  _r : eP 0: ð36Þ
Eq. (36) represents the positiveness of the dissipated energy re-
quired by any constitutive model (Malvern, 1969). Expanding the
equation after application of the chain rule of derivation and recall-
ing the symmetry of both stress and strain tensors:
@Gm
@r
 e
 
: _rþ @Gm
@dm
 _dm P 0: ð37Þ
Ensuring positive dissipation of the mechanical energy requires the
expression in between brackets in Eq. (37) to be equal to zero. In
other words, the strain tensor is given by the derivative of the com-
plementary free energy density with respect to the stress tensor:
e ¼ @Gm
@r
¼ r
2Gm 1 dmð Þ 
mmdm
Em 1 dmð Þ I  I : r
mm
Em
I1I; ð38Þ
where Gm is the shear stiffness of the matrix. For easiness of imple-
mentation, the strain tensor will be deﬁned using engineering shear
strains. The terms in Eq. (38) can be rearranged in order to obtain
the compliance tensor of the material:
Hm¼@
2Gm
@r2
¼
1
Em 1dmð Þ mmEm mmEm 0 0 0
mmEm 1Em 1dmð Þ mmEm 0 0 0
mmEm mmEm 1Em 1dmð Þ 0 0 0
0 0 0 1Gm 1dmð Þ 0 0
0 0 0 0 1Gm 1dmð Þ 0
0 0 0 0 0 1Gm 1dmð Þ
2
666666666664
3
777777777775
:
ð39Þ
Inverting the compliance tensor, Hm, the stiffness tensor, Cm, can be
deﬁned:Cm ¼
Gd kd kd 0 0 0
kd Gd kd 0 0 0
kd kd Gd 0 0 0
0 0 0 Gm 1 dmð Þ 0 0
0 0 0 0 Gm 1 dmð Þ 0
0 0 0 0 0 Gm 1 dmð Þ
2
666666664
3
777777775
;
ð40Þ
where the parameters Gd and kd are given by:
Gd ¼ Em 1 dmð Þ 1 mm 1 dmð Þð Þ1þ mm 1 dmð Þð Þ 1 2mm 1 dmð Þð Þ ; ð41Þ
kd ¼ Emmm 1 dmð Þ
2
1þ mm 1 dmð Þð Þ 1 2mm 1 dmð Þð Þ : ð42Þ
The stiffness tensor in Eq. (40) will allow to perform the stress up-
date based on the increment of elastic strain and on the damage
progression. Before that, damage onset needs to be deﬁned. The
damage activation function is deﬁned by a similar equation as the
yield criterion, but using ﬁnal strengths instead of yield strengths
and the concept of effective stress tensor, i.e. the stress tensor cal-
culated using the undamaged stiffness tensor:
Fdm ¼ /dm  rm 6 0; ð43Þ
where /dm represents the loading function and rm is an internal var-
iable related with the damage variable, which is equal to one before
damage activation and greater than one once damage is activated.
The loading function is deﬁned by:
/dm ¼
3~J2
XcmX
t
m
þ
~I1 X
c
m  Xtm
 
XcmX
t
m
; ð44Þ
where Xcm and X
t
m represent the compressive and tensile strengths of
the material, while the invariants ~J2 and ~I1 are determined using the
effective stress tensor deﬁned according to:
~r ¼ Hom
 1
: e: ð45Þ
After damage onset, the evolution of damage can be measured by
the rate of energy dissipation per unit volume:
Nm ¼ @Gm
@dm
_dm ¼ Ym _dm P 0: ð46Þ
The complementary free energy deﬁnition presented in Eq. (35) as-
sures that the thermodynamic force, Ym, is always positive:
Ym ¼ @Gm
@dm
¼ r
2
11 þ r222 þ r233
2Em 1 dmð Þ2
þ r
2
12 þ r213 þ r223
2Gm 1 dmð Þ2
P 0: ð47Þ
It can be concluded that the condition of irreversibility of damage,
_dm P 0, is sufﬁcient to fulﬁll the second law of thermodynamics.
In the elasto-plastic regime, the damage activation function is
negative, Fdm < 0. When the damage criterion is activated, the con-
dition Fdm ¼ 0 must be satisﬁed. Just like in the plastic regime, there
is also the need here to apply Kuhn–Tucker conditions in order to
distinguish loading and unloading situations. These are written in
function of the internal variable and the damage activation
function:
_rm P 0; F
d
m 6 0; _rmF
d
m ¼ 0: ð48Þ
In order to distinguish loading from unloading situations and deter-
mine if there is damage evolution or not, the gradient of the loading
function, _/dm must be determined. If _/
d
m 6 0, the state is one of
unloading; if the gradient is positive, then there is damage evolu-
tion, and the following consistency condition must be satisﬁed:
_Fdm ¼ _/dm  _rm ¼ 0: ð49Þ
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of the damage variable and that the loading function is deﬁned in
terms of the strain tensor, the constitutive model can be explicitly
integrated (Simo and Ju, 1987a,b). From the consistency condition
in Eq. (49), it can be demonstrated that the internal variable is given
by:
rm ¼max 1;max
t!1
/dm;t
n on o
: ð50Þ
In order to complete the deﬁnition of the damage model, the rela-
tion between the internal variable, rm, and the damage variable,
dm, must be given. This relation is called the damage evolution
law and will establish the rate of evolution of damage. While the
material is in an undamaged condition, rm ¼ 1, which leads to
dm ¼ 0. Eq. (50) imposes that when damage progresses in the mate-
rial, _rm P 0 and condition (46) for positive dissipation is satisﬁed if
_dm P 0. This last condition can be fulﬁlled if the damage evolution
law satisﬁes the condition:
@dm
@rm
P 0; since _dm ¼ @dm
@rm
_rm P 0: ð51Þ
When the material is completely damaged, the damage variable will
assume the value of 1 while the internal variable rm will tend to
inﬁnity. When the tangent stiffness tensor is not positive deﬁnite,
damage localises in a narrow band with the same thickness as the
element where damage was activated. Therefore, there is a depen-
dency of the structural response on the mesh size – the smaller the
element is in the band of localised damage, the lesser the computed
dissipated energy will be.
In order to circumvent this problem, Bazˇant’s crack band model
(Bazˇant and Oh, 1983) is implemented along with the deﬁnition of
the damage evolution law. By making use of the characteristic
length of the ﬁnite element and the fracture toughness, it is possi-
ble to regularise the computed dissipated energy:
Wm ¼
Z 1
0
Ym _dmdt ¼
Z 1
1
@Gm
@dm
@dm
@rm
drm ¼ Gfm
le
; ð52Þ
where Wm is the energy dissipated per unit volume, Gfm is the en-
ergy release rate of the matrix and le is the characteristic element
length.
The damage evolution law considered here that respects the
two boundaries imposed by the value of the damage variable, dm,
when the damage criterion has not been activated yet and when
the material is fully damaged, is given by:
dm ¼ 1 e
Am 3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
7þ2r2m
p 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
7þ 2r2m
p  2 ; ð53Þ
where the parameter Am needs to be computed from solving Eq.
(52) as a function of the characteristic element length. In other
words, the parameter Am will be unique for each ﬁnite element in
the mesh. This damage evolution law has been chosen in order to
force damage localisation and strain softening on the material un-
der a tensile load. Under compressive loading, the inﬂuence of the
hydrostatic pressure, I1, in the computation of the damage internal
variable, rm, in Eq. (43), will cause a different evolution of the dam-
age variable. The progression of damage will be softer than in the
tensile case, in agreement with the available experimental data
(Fiedler et al., 2001), which suggests a slower propagation of
damage.
Eq. (52) is solved numerically using the secant method for non-
linear equations, along with the deﬁnition of the damage evolution
law in Eq. (53) in order to determine the parameter Am. The impro-
per integral in Eq. (52) is calculated using Simpson’s rule. For the
implementation of the secant method, and taking care that theparameter Am only possesses physical meaning if greater than zero,
the minimisation function is deﬁned by:
ln Aiþ1m
	 

¼ ln Aim
	 

 ln fm Aim
	 
	 

 ln Gfm
le
  

ln Aim
	 

 ln Ai1m
	 

ln fm A
i
m
	 
	 

 ln fm Ai1m
	 
	 
 ; ð54Þ
where the function fm represents the energy dissipated per unit vol-
ume given by the improper integral in Eq. (52) and is dependent of
the unknown parameter Am. The initial values to begin this iterative
process were chosen as (Maimí et al., 2006):
A1m ¼
2leXt
2
m
2EmGfm  leXt
2
m
A0m ¼ 0:5A1m: ð55Þ2.5.1. Consistent tangent operator
In order to obtain a faster convergence rate of the solution for
the non-linear damage model presented here, it is necessary to
provide the correct consistent tangent operator, CTm, deﬁned by:
_r ¼ CTm : _e: ð56Þ
To determine the general form of the consistent tangent operator,
Eq. (56) can be written as:
_r ¼ Cm : I Mmð Þ : _e: ð57Þ
The consistent tangent operator is thus deﬁned by:
CTm ¼ Cm : I Mmð Þ; ð58Þ
where the fourth-order tensor, Mm, expressed in Voigt notation is
given by:
Mm ¼ 1
1 dmð Þ2
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ð59Þ2.6. Numerical implementation
Tables 1 and 2 show the overall implementation of the elastic
predictor/return mapping with damage algorithm for the epoxy
matrix material. The algorithms are presented in pseudo-code for
easiness of understanding.
3. One-element validation
The elasto-plastic with damage constitutive model described in
the previous section was implemented as a UMAT user subroutine
of the ﬁnite element commercial software ABAQUS. The material
properties experimentally measured by Fiedler et al. (2001) were
used in this validation. Fiedler et al. (2001) determined the
stress–strain behaviour of a typical epoxy matrix material under
three different loading scenarios: uniaxial tension, uniaxial com-
pression, and pure shear. In Table 3, a summary of the experimen-
tal properties is presented. All properties have been determined by
Fiedler et al. (2001) except for the plastic Poisson coefﬁcient, which
has been determined by Guild et al. (2001), and is considered to be
a standard value for epoxy resins.
Table 1
Full algorithm for implementation of the elasto-plastic with damage constitutive
model for the matrix material.
(i) Elastic predictor. Given De and the state variables at tn:
rtrnþ1 ¼ rn þ De : De
Strnþ1 ¼ Sn þ 2GDed; ptrnþ1 ¼ pn þ KDev
Dep
tr
enþ1 ¼ Depen
rcnþ1 De
ptr
enþ1
	 

¼ rcn Depen
 
; rtnþ1 De
ptr
enþ1
	 

¼ rtn Depen
 
(ii) If damage has not been activated, check yield criterion:
IF dmn > 0 THEN GOTO (v)
ELSEIF 6Jtr2 þ 2 rcnþ1  rtnþ1
 
Itr1  2rcnþ1rtnþ1 6 0 THEN
ð Þnþ1 ¼ ð Þtrnþ1 and EXIT
(iii) Return mapping algorithm:
GOTO Table 2
(iv) Update stress tensor:
Snþ1 ¼ S
tr
nþ1
1þ6GDc ; pnþ1 ¼
ptrnþ1
1þ2KaDc
rnþ1 ¼ rtrnþ1  6GDcSnþ1  29KaDc I1ð Þnþ1I
(v) Check damage activation function:
~r ¼ Hom
 1
: e
IF Fdm 6 0 (Eq. 43) THEN EXIT
(vi) Update damage variables, stiffness and stress tensors:
rmnþ1 ¼ 3
~J2
XcmX
t
m
þ ~I1 X
c
mXtmð Þ
XcmX
t
m
; dmnþ1 ¼ 1 e
Am 3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
7þ2r2mnþ1
p	 

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
7þ2r2mnþ1
p
2
rnþ1 ¼ Cmð Þnþ1 : eenþ1
(vii) EXIT
Table 2
Newton–Raphson iterative algorithm for solution of the return mapping equation,
part of the constitutive model for the matrix material.
(i) Set initial guess for Dc
Dc ¼ 108
(ii) Perform Newton–Raphson iterative scheme
fs ¼ 1þ 6GDc; fp ¼ 1þ 2KaDc
Depenþ1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
1þ2m2p
q
Dc
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
18Jtr2
f2s
þ 4a2
27f2p
Itr1
 2r
rcnþ1 De
p
enþ1
 
; rtnþ1 De
p
enþ1
 
~U ¼ 6Jtr2
f2s
þ 2 rcnþ1rtnþ1ð ÞI
tr
1
fp
 2rcnþ1rtnþ1
@rc
@Dc ¼ . . . ; @rt@Dc ¼ . . . (Eqs. (30) and (31))
@U
@Dc ¼ . . . (Eq. (29))
Dc ¼ Dc ~U@U=@Dc
(iii) Check for convergence
IF ~U 6 tol THEN RETURN to Table 1
(iv) GOTO (ii)
Table 3
Material properties determined by Fiedler et al. (2001) and Guild et al. (2001).
Epoxy matrix
E (GPa) 3.76
m 0.39
mp 0.3
Xt (MPa) 93
Xc (MPa) 124
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Fig. 1. Comparison of numerical results with experimental data from Fiedler et al.
(2001).
Fig. 2. Example of material law.
1902 A.R. Melro et al. / International Journal of Solids and Structures 50 (2013) 1897–1905Using a three dimensional one-element mesh, and applying the
same loading conditions which Fiedler et al. (2001) applied in their
experimental programme, it can be demonstrated that the numer-
ical model developed captures the fundamentals of the mechanical
behaviour of an epoxy matrix. Fig. 1 provides a comparison of the
numerical and experimental values.
As determined by Fiedler et al. (2001), a signiﬁcant non-linear
behaviour in tension can be observed. This non-linear behaviour
is a characteristic behaviour of the bulk epoxy. A similar kind of
non-linear behaviour is observed under compression. However,
when under compression, it is not obvious the load at which failure
of the material is initiated due to the complicated setting that is re-
quired for a uniaxial compression test (Fiedler et al., 2001). As a
matter of fact, a plateau of perfect plasticity is reached after an ini-
tial non-linear behaviour.
Hardening data for both tension and compression has been ex-
tracted from Fiedler et al. (2001) experimental results. Only these
two loading curves are required in order to completely implement
the numerical model proposed here. Hence, it is by comparing the
shear stress–strain curve that full understanding of the possibili-
ties given by the numerical model is achieved. It is possible toobserve that the numerical results, for both tensile and compres-
sive stress states, are in close agreement with the experimentally
measured values. Therefore, the nonlinear behavior of the epoxy
resin under these stress states is properly captured by the model.
The numerical prediction not only captures very approximately
the shear non-linear behaviour but is also capable of capturing
very closely the high shear straining that epoxy materials exhibit.
In both numerical and experimental results, the specimen does
not reach failure when under a shear load, even for very high val-
ues of plastic straining (>30%). It should be underlined that the
numerical model accepts any kind of hardening data; there is no
limit on this matter and is up to the programmer to choose the
material yield behaviour – perfect plasticity, isotropic hardening
with or without pressure dependency, or a more pronounced hard-
ening after an initial plateau.
4. Mesh independency
In order to demonstrate the proper numerical implementation
and independence from element size in the mesh, two additional
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Fig. 3. Stress–strain curves for one-element tests of matrix material.
Fig. 4. Geometry of open-hole tension specimen.
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test which allows for a theoretical perception of the phenomenon
using elements with different sizes. The second one, a more spe-
ciﬁc application, corresponds to an open-hole test specimen.
4.1. One element tests
For this test, three one-element analyses were run. Each ele-
ment has a cubic shape with the side length varying. The smallest
measures 0.01 mm, the intermediate, 0.02 mm, and the biggest
measures 0.05 mm.
For the case of one-element analyses, the energy absorbed by
the element after complete failure, U, is given by:
U ¼ L3  X
tef
2
; ð60Þ
where L is the element side length, Xt is the fracture stress, and ef is
the maximum strain. Fig. 2 shows an example of a simple materialFig. 5. Detail of mesh for opelaw. The shadowed area below the curve represents the energy ab-
sorbed by the element, U. In order to avoid snap-back effects, the
maximum strain ef must be greater than e0. Deﬁning Gf as the frac-
ture per unit area of the material, it is possible to relate Gf with the
energy absorbed U by
U ¼ Gf V
le
; ð61Þ
where V is the volume of the element, and le is the element length in
the loading direction. Relating Eqs. (60) and (61) the following can
be obtained:
Gf
V
le
¼ X
tef
2
V () le ¼ 2Gf
Xtef
: ð62Þ
In the limit, the maximum strain ef must be equal to e0 ¼ Xt=E.
Substituting in Eq. (62) the following relation for the maximum ele-
ment size is obtained:
le <
2Gf E
Xt
2 : ð63Þ
This condition must be veriﬁed not only for one-element tests but
also for all analyses involving the constitutive model here de-
scribed. The limit values were checked and the element sizes confer
with this condition. For these analyses, a fracture toughness of
Gf ¼ 0:09 N/mm is used.
Fig. 3 shows the stress–strain curves for the three one-element
meshes. It can be seen that as the element size increases, the area
under the curve is reduced by a factor equal to the ratio of element
sizes, i.e. the ratio of areas under the curves for any two element
sizes is equal to the ratio of element size. These ratios apply if
the non-linear plastic region of the curves is not considered.4.2. Numerical example: open-hole tension test
In order to verify damage propagation and localisation, a series
of analyses were performed using the geometry of an open-hole
tension (OHT) specimen shown in Fig. 4.
A detail of the mesh used for the analyses is shown in Fig. 5. In
order to verify the inﬂuence of the element size, three different
meshes were generated with different sizes of element in the re-
gion where damage is expected to localise. This region is marked
with le in Fig. 5.
Fig. 6 shows the force–displacement curves for the OHT test.
The independence of the constitutive model from the element size
is clearly shown as all curves are overlapped.n-hole tension analyses.
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Fig. 6. Dependence on element size in OHT tests.
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Fig. 7. Uniaxial compression test. Field view of (a) equivalent plastic strain and (b)
damage variable.
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In order to demonstrate the pressure sensitivity of the material
model proposed in this paper, a simple uniaxial compression test
has been performed on a small rectangular-shaped thin specimen
as seen in Fig. 7. A small notch has been positioned in the top side
of the specimen in order to trigger crack localisation. It can be seen
that by applying a compressive effort on such component there is a
clear tendency for the formation of a shear band inclined relatively
to the loading direction (xx-direction), which later gives origin to a
damaged band of material. On a tensile test, the orientation of such
band of material is along a transverse plane to the loading direc-
tion. However, given the greater resistance to compressive efforts
due to hydrostatic pressure sensitivity, typical epoxy resins will
see the formation of localised shear bands along a 45 angle to
the loading direction as seen in Fig. 7.6. Conclusions
Micromechanical analyses can provide a better insight on the
constitutive behaviour of any composite material. Such analyses
can be used to determine not only the elastic constants of the com-
posite starting from the properties of each constituent, but can alsoprovide the strength properties under a miscellanea of loading
conditions, given the fact that each constituent is modelled with
a physically sound constitutive model.
Both elastic and strength properties determined from
micromechanics can be used in analytical failure criteria as input
parameters, making no longer necessary to accept assumptions,
sometimes arguable, so often the case in analytical models.
This paper presents a thermodynamically sound elasto-plastic
constitutive model developed for epoxy matrix materials typically
found in unidirectional composite materials. The model is based in
a paraboloidal yield criteria initially proposed by Tschoegl (1971),
which considers the inﬂuence of different yields strengths under
tension or compression and pressure sensitivity. Isotropic damage
is added to the constitutive model. Regularisation of dissipated en-
ergy is implemented in order to guarantee mesh size indepen-
dence. In order to assure convergence, the consistent tangent
operator has been determined. The constitutive model here pre-
sented is proven to adequately capture the yield behaviour of a
typical epoxy matrix as per comparison with available experimen-
tal data, including shear non-linear behaviour and hydrostatic
pressure dependency.
The second part of this paper will be devoted to the application
of this constitutive model to micromechanical analyses of unidi-
rectional composite materials, under different loading conditions,
and determining the inﬂuence of the matrix material in damage
initiation and propagation.
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